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f(x1, . . . , xn) = XTAX A n
X = (a1, . . . , an)

T

f(a1, . . . , an) = XTAX>0,

A
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1

2 f(x1, . . . , xn)

f(c1, . . . , cn) = 0 ⇔ c1 = · · · = cn = 0.

3

f(x1, . . . , xn) =

n∑
i=1

n∑
j=1

aijxixj ,

aij = aji 1 ≤ i ≤ n aii > 0

1 f1(x1, x2, x3) = x21 + x22 − x23 + 2x1x2 + 2x2x3
2 f2(x1, x2, x3) = x21 + x23 + 2x2x3
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aii > 0, i = 1, 2, . . . , n A

A =

(
1 −1
−1 1

)

f(x1, x2, . . . , xn) =
∑n

i=1 x
2
i

f(x1, x2, . . . , xn) =
∑n−1

i=1 x2i
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A :
1 A

2 A n

3 A n

4 n P , A = P TP

5 A 0
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A detA > 0
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1 A,B A+B

2 A k > 0 kA

3 A B AB = BA AB

4 A A−1 adjA
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f(x1, x2, x3) = XTAX X = QY

f = y21 + y22 Q
(√

2
2 , 0,

√
2
2

)T

1 A

2 A+ E
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1 A a aE +A

2 B m× n b > 0 bE +BTB
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A k :

A

[
i1 i2 · · · ik
i1 i2 · · · ik

]
=

∣∣∣∣∣∣∣∣∣
ai1i1 ai1i2 · · · ai1ik
ai2i1 ai2i2 · · · ai2ik
...

...
. . .

...
aiki1 aiki2 · · · aikik

∣∣∣∣∣∣∣∣∣
A k :

A

[
1 2 · · · k
1 2 · · · k

]
=

∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1k
a21 a22 · · · a2k
...

...
. . .

...
ak1 ak2 · · · akk

∣∣∣∣∣∣∣∣∣
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n A n

a

f(x1, x2, x3, x4) = ax21 + ax22 + ax23 + x24

+2x1x2 + 2x1x3 − 2x2x3
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AT = A ∈ Rn×n :
1 A

2 0 ̸= X ∈ Rn XTAX > 0

3 P ∈ Rn×n P TAP = E

4 Q ∈ Rn×n A = QTQ

5 A p = n

6 A > 0

7 A > 0
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*

U m V n ϕ :
U × V → R U × V R ϕ

1 ∀X1, X2 ∈ U, Y ∈ V, c1, c2 ∈ R

ϕ(c1X1 + c2X2, Y ) = c1ϕ(X1, Y ) + c2ϕ(X2, Y );

2 ∀ X ∈ U, Y1, Y2 ∈ V, c1, c2 ∈ R

ϕ(X, c1Y1 + c2Y2) = c1ϕ(X,Y1) + c2ϕ(X,Y2);

ϕ U, V U = V
ϕ V U
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*

ϕ n V V
(ε1, . . . , εn) ϕ(ε1, ε1) · · · ϕ(ε1, εn)

...
. . .

...
ϕ(εn, ε1) · · · ϕ(εn, εn)


V ϕ (ε1, . . . , εn)
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*

ϕ n V ϕ V
(ε1, . . . , εn) A ∀α, β ∈ V
(ε1, . . . , εn) X Y

ϕ(α, β) = XTAY.
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*

ϕ n V ϕ V
(ε1, . . . , εn) A ϕ V A
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f(x1, x2, . . . , xn) = XTAX

X = (a1, a2, . . . , an)
T ̸= 0

f(a1, a2, . . . , an) = XTAX>0,

A

X = (a1, a2, . . . , an)
T ̸= 0

f(a1, a2, . . . , an) = XTAX≥0,

A
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X = (a1, a2, . . . , an)
T ̸= 0

f(a1, a2, . . . , an) = XTAX<0,

A

X = (a1, a2, . . . , an)
T ̸= 0

f(a1, a2, . . . , an) = XTAX≤0,

A

X1 = (a1, a2, . . . , an)
T ̸= 0 XT

1 AX1 > 0
X2 = (b1, b2, . . . , bn)

T ̸= 0 XT
2 AX2 < 0 A
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di > 0 1 ≤ i ≤ n

1 f(x1, x2, . . . , xn) = d1x
2
1 + d2x

2
2 + · · ·+ dnx

2
n

2 f(x1, x2, . . . , xn) = d1x
2
1 + d2x

2
2 + · · ·+ drx

2
r , r ≤ n

3 f(x1, x2, . . . , xn) = −d1x
2
1 − d2x

2
2 − · · · − dnx

2
n

4 f(x1, x2, . . . , xn) = −d1x
2
1 − d2x

2
2 − · · · − drx

2
r , r ≤ n

5 f(x1, x2, . . . , xn) = x21 − x22

n A f(y1, . . . , yn) =

∣∣∣∣A y
yT 0

∣∣∣∣
y n
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f(x1, x2, . . . , xn) = XTAX p
q r

1 f(x1, x2, . . . , xn) = XTAX ⇔ p = n

2 f(x1, x2, . . . , xn) = XTAX ⇔p = r ≤ n

3 f(x1, x2, . . . , xn) = XTAX ⇔q = n

4 f(x1, x2, . . . , xn) = XTAX ⇔ q = r ≤ n

5 f(x1, x2, . . . , xn) = XTAX ⇔p > 0 q > 0
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A ⇔−A

AT = A ∈ Rn×n :
1 A

2 A q = n

3 P ∈ Rn×n P TAP = −E

4 P ∈ Rn×n A = −P TP

5 A 0
6 A < 0

> 0

7 A < 0 > 0
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A :
1 A

2 ε > 0 εE +A

3 A p = r

4 A 0
5 C A = CTC

6 A 0

A detA ≥ 0
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A 0̸⇒ A

A =

(
0 0
0 −1

)
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