
9
9.1二次型与矩阵合同
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R n

f(x1, x2, · · · , xn) =a11x
2
1 + 2a12x1x2 + · · ·+ 2a1nx1xn

+a22x
2
2 + · · ·+ 2a2nx2xn

+ · · ·+ annx
2
n

R n
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1 x21 + 2x1x2 + x2 + 3

2 2x31 + 3c21x2 + x1x2x3
3 2x21 +

√
2x1x3
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1 xixj(i < j) 2aij
2

f(x1, x2, · · · , xn) =
n∑

i=1

aiix
2
i + 2

∑
1≤i<j≤n

aijxixj

3 aij = aji, i < j

f(x1, x2, · · · , xn) = a11x
2
1 + a12x1x2 + · · ·+ a1nx1xn

+a21x2x1 + a22x
2
2 + · · ·+ a2nx2xn

+ · · ·+ · · ·
+an1xnx1 + an2xnx2 + · · ·+ annx

2
n

=

n∑
i=1

n∑
j=1

aijxixj
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f(x1, x2, · · · , xn) = (x1, . . . , xn)

a11 · · · a1n
...

. . .
...

an1 · · · ann


x1

...
xn


= XTAX

AT = A ∈ Rn×n X ∈ Rn A f f
A

A f
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1 AT = A

2 A aii x2i aij(i ̸= j) xixj

3 AT = A BT = B
XTAX = XTBX A = B
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2x21 + 3x1x2 + x1x3.

f(x1, x2, x3) = x21 + x22 + x23 + 2ax1x2 + 2x1x3 + 2bx2x3

2 a, b
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1 3 0
3 0 2
0 2 1

  0 1 −1
1 0 2
−1 2 0

 2
3

0


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1 ?

2 ?
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
x1 = p11y1 + p12y2 + · · ·+ p1nyn
x2 = p21y1 + p22y2 + · · ·+ p2nyn

...
...

...
xn = pn1y1 + pn2y2 + · · ·+ pnnyn

(2.1)

x1, x2, · · · , xn y1, y2, · · · , yn
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P =

p11 · · · p1n
...

. . .
...

pn1 · · · pnn

 , X =

x1
...
xn

 , Y =

y1
...
yn


(2.1) X = PY

P

P
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f(x1, . . . , xn) = XTAX

X = PY

g(y1, · · · , yn) = Y TBY

P

P TAP = B.
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A,B ∈ Rn×n B A n P

B = P TAP.

R n

A B A B

A B A B

A B AT = A BT = B

A B AT = −A BT = −B

A B A B A B
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A = diag(a1, a2, . . . , an), B = diag(ai1 , ai2 , . . . , ain),

(i1, i2, . . . , in) n A B
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R n f(X) = XTAX
X = QY

f(x1, . . . , xn) = λ1y
2
1 + λ2y

2
2 + · · ·+ λny

2
n

λ1, λ2, . . . , λn A

f(x1, x2) = 3x21 + 3x22 − 4x1x2
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Hermite *

Hermite

A ∈ Cn×n Hermite X = (x1, . . . , xn)
T ∈ Cn

f(X) = XHAX

Hermite A Hermite f

∀X ∈ Cn Hermite

f(X) = XHAX ∈ R,

Hermite f
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