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Rn

ε1, ε2, · · · , εn
ε1, 2ε2, · · · , nεn
ε1, ε1 + ε2, · · · , ε1 + ε2 + · · ·+ εn
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C[−π, π]

(f(x), g(x)) =
1

π

∫ π

−π
f(x)g(x)dx,

C[−π, π] [−π, π]

√
2

2
, sin(x), cos(x), . . . , sin(nx), cos(nx), . . .

C[−π, π]
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(ξ1, . . . , ξn)
α = a1ξ1 + · · ·+ anξn ai = (α, ξi)

α = (α, ξ1) ξ1 + · · ·+ (α, ξn) ξn.

α = a1ξ1 + · · ·+ anξn, β = b1ξ1 + · · ·+ bnξn

(α, β) = a1b̄1 + · · ·+ anb̄n =
n∑

j=1

(α, ξj) (β, ξj).

‖α‖ =

√
|a1|2 + · · ·+ |an|2.
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Fourier

f(x) 2π f(x) Fourier

f(x) =
a0
2

+

+∞∑
n=1

(an sin(nx) + bn cos(nx)) ,

f(x) Fourier Dirichlet

an =
1

π

∫ π

−π
f(x) cos(nx)dx, n = 0, 1, 2, . . . ;

bn =
1

π

∫ π

−π
f(x) sin(nx)dx, n = 1, 2, 3 . . . .
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U V F (−,−)U (−,−)V
ϕ : U → V

1 ϕ U V

2 α, β ∈ U

(α, β)U = (ϕ(α), ϕ(β))V

U V ϕ
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V F n (−,−)V V
(−,−)Fn Fn (ξ1, . . . , ξn)

V

ϕ : V → Fn, α 7→ Xα

(ξ1, . . . , ξn) ∀α, β ∈ V

(α, β)V = (ϕ(α), ϕ(β))Fn = XH
β Xα.

n V Fn
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Gram-Schmidt

Gram-Schmidt

V α1, . . . , αs

γ1, . . . , γs r(1 ≤ r ≤ s)

〈α1, . . . , αr〉 = 〈γ1, . . . , γr〉
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Gram-Schmidt

1 α1, . . . , αs β1, . . . , βs

β1 = α1,

β2 = α2 − (α2,β1)
(β1,β1)

β1,

β3 = α3 − (α3,β1)
(β1,β1)

β1 − (α3,β2)
(β2,β2)

β2,
...

βs = αs − (αs,β1)
(β1,β1)

β1 − (αs,β2)
(β2,β2)

β2 − · · · − (αs,βs−1)
(βs−1,βs−1)

βs−1;

2

γi =
1

‖βi‖
βi, i = 1, . . . , s,

γ1, . . . , γs

〈α1, . . . , αr〉 = 〈γ1, . . . , γr〉, r = 1, . . . , s
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V (α1, . . . , αn) Gram-Schmidt
V (γ1, . . . , γn)

〈α1, . . . , αi〉 = 〈γ1, . . . , γi〉, (i = 1, . . . , n)

(γ1, . . . , γn) = (α1, . . . , αn)T,

T = (tij) tij = 0, i > j
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V V
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R[x]2

(f(x), g(x)) =

∫ 1

−1
f(x)g(x)dx,

R[x]2
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Bessel

ξ1, . . . , ξm n V Y V

m∑
k=1

|(Y, ξk)|2

‖ξk‖2
≤ ‖Y ‖2

Y ∈ 〈ξ1, . . . , ξm〉
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U V F m n ϕ : V →
U U V (η1, . . . , ηm)
(ξ1, . . . , ξn) ϕ(ξ1, . . . , ξn) = (η1, . . . , ηm)Am×n. ∀α, β ∈ V

(ξ1, . . . , ξn) X Y

(ϕ(α), ϕ(β))U = (AX,AY )Fm .

1 F = R

(ϕ(α), ϕ(β))U = Y TATAX;

2 F = C

(ϕ(α), ϕ(β))U = Y HAHAX.
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V n ϕ V ϕ
α, β ∈ V

(ϕ(α), ϕ(β)) = (α, β),

ϕ
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ϕ V (ξ1, . . . , ξn) V
ϕ (ξ1, . . . , ξn) A

ϕ(ξ1, . . . , ξn) = (ξ1, . . . , ξn)A.

AHA = AAH = En.

ϕ

ATA = AAT = En.
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1 U ∈ Cn×n

UHU = UUH = En,

U unitary matrix
2 Q ∈ Rn×n

QTQ = QQT = En,

Q orthogonal matrix
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1

2

3

(
cos θ sin θ
− sin θ cos θ

)
4 ±1
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(ξ1, . . . , ξn) (η1, . . . , ηn)

(η1, . . . , ηn) = (ξ1, . . . , ξn)U,

1 (ξ1, . . . , ξn)

2 (η1, . . . , ηn)

3 U
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/

ϕ n V

1 ϕ

2 ϕ V

3 ϕ V

4 ϕ V

https://gdfzu.club 8.2 23 / 31



ϕ n V

1 ϕ

2 ϕ α ∈ V ‖ϕ(α)‖ = ‖α‖

ϕ : Cn → Cn (z1, . . . , zn)
T 7→ (|z1|, . . . , |zn|)T ϕ

ϕ
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1 Q
1 detQ = ±1
2 Q Q−1 = QT

3 Q−1

4 Q∗

2

3 n Q Q−1 = QT

±1
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1 Q
1 | detQ| = 1

2 Q Q−1 = Q
T

3 Q−1

4 Q∗

2

3 n Q

Q−1 = Q
T
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QR-

QR-

A n Q
R A = QR A QR-
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QR-

QR-

A =

3 −1 2
0 0 9
4 7 11

 Q 0

R
A = QR

A = (α1, α2, α3)

α1 = (3, 0, 4)T , α2 = (−1, 0, 7)T , α3 = (2, 9, 11)T .

A (α1, α2, α3) R3
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QR-

α1, α2, α3

β1 = α1 = (3, 0, 4)T ,

β2 = α2 − (α2,β1)
(β1,β1)

β1 = α2 − β1 = (−4, 0, 3)T

β3 = α3 − (α3,β1)
(β1,β1)

β1 − (α3,β2)
(β2,β2)

β2 = α3 − 2β1 − β2 = (0, 9, 0)T ,

β1, β2, β3

γ1 =
1

∥β1∥β1 =
1
5β1 =

(
3
5 , 0,

4
5

)T
γ2 =

1
∥β2∥β2 =

1
5β2 =

(
−4

5 , 0,
3
5

)T
γ3 =

1
∥β3∥β3 =

1
9β3 = (0, 1, 0)T

γ1, γ2, γ3 R3
α1 = β1 = 5γ1,
α2 = β1 + β2 = 5γ1 + 5γ2,
α3 = 2β1 + β2 + β3 = 10γ1 + 5γ2 + 9γ3.

https://gdfzu.club 8.2 30 / 31



QR-

Q = (γ1, γ2, γ3) =

3
5 −4

5 0
0 0 1
4
5

3
5 0

 , R =

5 5 10
0 5 5
0 0 9

 ,

Q R 0 A = QR
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