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V R (−, −) : V × V → R V
α, β, γ ∈ V, c ∈ R

((α+ β), γ) = (α, γ) + (β, γ)

(cα, β) = c (α, β)

(α, β) = (β, α)

(α, α) ≥ 0 α = 0

(−,−) V
V Euclid

(α, β) = αTβ = βTα, ∀α, β ∈ Rn
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(−, −) : V × V → R V
α, β, γ ∈ V, c ∈ R

(α, β + cγ) = (α, β) + c(α, γ).
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V C (−, −) : V × V → C V
α, β, γ ∈ V, c ∈ C

((α+ β), γ) = (α, γ) + (β, γ)

(cα, β) = c (α, β)

(α, β) = (β, α)

(α, α) ≥ 0 α = 0

(−,−) V ( )
V
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Cn (−,−) : Cn × Cn → C ∀α, β ∈ Cn

(α, β) = β̄Tα.

Cn

AH ≜ ĀT = AT

(α, β) = β̄Tα = βHα
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V (−,−)
α, β, γ, αk, βj ∈ V c, ak, bj ∈ C, (k = 1, . . .m; j = 1, . . . , n)

(0, α) = 0

(α, β + γ) = (α, β) + (α, γ)

(α, cβ) = c (α, β)(
m∑
k=1

akαk,
n∑

j=1
bjβj

)
=

m∑
k=1

n∑
j=1

ak b̄j(αk, βj)
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V = Fm×n F = R C

F = R (−,−) : Rm×n × Rm×n → R

(A,B) = tr(ATB),

(−,−) Rm×n

F = C (−,−) : Cm×n × Cm×n → C

(A,B) = tr(B̄TA) = tr(BHA),

(−,−) Cm×n

https://gdfzu.club 8.1 9 / 19



f, g ∈ C[a, b]

(f, g) =

∫ b

a
f(x)g(x)dx,

(−,−) C[a, b]
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Rn Cn

D = diag(d1, . . . , dn) aj > 0 Rn

(−,−)

(α, β) =

n∑
i=1

diaibi = αTDβ,

α = (a1, . . . , an)
T β = (b1, . . . , bn)

T (−,−) Rn
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V α ∈ V α√
(α, α) ∥α∥

∥α∥ = 1 α
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V α ∈ V c

∥α∥ ≥ 0 ∥α∥ = 0 α = 0

∥cα∥ = |c| · ∥α∥
α α

∥α∥

eα = α
∥α∥ eα 0 α

α = ∥α∥eα.
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Cauchy-Schwarz

V α, β ∈ V

|(α, β)| ≤ ∥α∥ · ∥β∥,

α β
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Cauchy-Schwarz

Cauchy
ai, bi(i = 1, . . . , n)

(a1b1 + · · ·+ anbn)
2 ≤ (a21 + · · ·+ a2n)(b

2
1 + · · ·+ b2n);

Schwarz
f(x), g(x) ∈ C[a, b](∫ b

a
f(x)g(x)dx

)2

≤
∫ b

a
f2(x)dx

∫ b

a
g2(x)dx.
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α, β

∥α+ β∥ ≤ ∥α∥+ ∥β∥.
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V α, β θ

cos θ =
(α, β)

∥α∥∥β∥
, 0 ≤ θ ≤ π.

V α, β

(α, β) = 0,

α β α⊥β
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V α, β ∈ V α, β

∥α+ β∥2 = ∥α∥2 + ∥β∥2.
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