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Frobenius

f(λ) Frobenius

f(λ) = λr + ar−1λ
r−1 + · · ·+ a1λ+ a0 ∈ F[λ] r ≥ 1

0 0 . . . 0 −a0

1 0
. . .

... −a1

0 1
. . .

...
...

...
. . .

. . . 0 −ar−2

0 . . . 0 1 −ar−1


f(λ) Frobenius f(λ) F (f(λ))
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Frobenius

Frobenius

f(λ) Frobenius F (f(λ))

1, . . . , 1︸ ︷︷ ︸ , f(λ).

r − 1

1, . . . , 1︸ ︷︷ ︸ , f(λ).

r − 1
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Frobenius

Frobenius



0 0 . . . 0 −a0

1 0
. . .

... −a1

0 1
. . .

...
...

...
. . .

. . . 0 −ar−2

0 . . . 0 1 −ar−1



f(λ) = λr + ar−1λ
r−1 + · · ·+ a1λ+ a0,

χF (f(λ))(λ) = mF (f(λ))(λ) = f(λ).
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Frobenius

Frobenius

A ∈ Fn×n

1, . . . , 1, d1(λ), d2(λ), . . . , dk(λ),

deg di(λ) = mi > 0 A

F =


F (d1(λ))

F (d2(λ))
. . .

F (dk(λ))

 .

F A Frobenius
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Frobenius

A

1, . . . , 1, λ+ 1, (λ+ 1)2, (λ+ 1)3,

A Frobenius

Frobenius 1 3 3
3 1 3
−3 −3 −5

 .
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Frobenius

Frobenius(
F ((λ− 1)2) 0

0 F ((λ+ 1)2)

)
.

n A Frobenius
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Frobenius

F n A

1, . . . , 1, d1(λ), . . . , dk(λ),

A

mA(λ) = dk(λ).
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A(λ) m× n λ− r(A(λ)) = r A(λ)
g1(λ), g2(λ), . . . , gr(λ) F

g1(λ) = pe111 (λ)pe122 (λ) . . . pe1tt (λ),
g2(λ) = pe211 (λ)pe222 (λ) . . . pe2tt (λ),

. . . . . .
gr(λ) = per11 (λ)per22 (λ) . . . pertt (λ),

p1(λ), . . . , pt(λ) eij ≥ 0

eij > 0 p
eij
j (λ) A(λ)

A(λ)
A(λ)

n A λE −A A

A λE −A
A
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A

1, . . . , 1, (λ− 1)(λ2 + 1), (λ− 1)2(λ2 + 1)(λ2 − 2),

A Q,R,C

pe(λ) Frobenius F (pe(λ)) p(λ)
F
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r(A(λ)) = r

A(λ) d1(λ), . . . , dk(λ) F

d1(λ) = pe111 (λ)pe122 (λ) . . . pe1tt (λ),
d2(λ) = pe211 (λ)pe222 (λ) . . . pe2tt (λ),

. . . . . .
dk(λ) = pek11 (λ)pek22 (λ) . . . pektt (λ),

p1(λ), . . . , pt(λ) eij ≥ 0

eij ≥ 1

p
eij
j (λ) (eij ≥ 1)

A(λ) ( )
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d1(λ), . . . , dk(λ)

di(λ)|di+1(λ), i = 1, . . . , k − 1.

p
eij
j (λ)|pei+1,j

j (λ), i = 1, . . . , k, j = 1, . . . , t.

0 ≤ e1j ≤ e2j ≤ · · · ≤ erj , j = 1, . . . , t

dk(λ)
dk−1(λ)
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r(A(λ)) = r A(λ)

pj(λ), j = 1, . . . , t

r 1 r

p
erj
j (λ), p

er−1,j

j (λ), . . . , p
e1j
j (λ), j = 1, . . . , t.

gi(λ) = pei11 (λ)pei22 (λ) . . . peirr (λ), i = 1, . . . , r,

g1(λ), . . . , gr(λ) A(λ)
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λ- A(λ) r(A(λ))

A ( )

A B A,B ( )
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Q A C

(λ− 1)2, (λ− 1)2, (λ− 1)2, λ+ 1, λ+ 1, (λ− i)2, (λ+ i)2.

A A Q
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(fi(λ), gj(λ)) = 1, (i, j = 1, 2)

(f1(λ)g1(λ), f2(λ)g2(λ)) = (f1(λ), f2(λ))(g1(λ), g2(λ)).

(fi(λ), gj(λ)) = 1, (i, j = 1, 2)(
f1(λ)g1(λ) 0

0 f2(λ)g2(λ)

)
≃

(
f2(λ)g1(λ) 0

0 f1(λ)g2(λ)

)
.

https://gdfzu.club 7.10 Frobenius Jordan 18 / 25



A(λ) ≃ diag{h1(λ), . . . , hr(λ), 0, . . . , 0}

hi(λ) = pei11 (λ)pei22 (λ) . . . peitt (λ),

pj(λ) eij ≥ 0{
p
eij
j (λ)|eij > 0, i = 1, . . . , r; j = 1, . . . , t

}
A(λ) ( )
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Jordan

1 Frobenius

2

3 Jordan
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Jordan

Jordan

p(λ) F m F (p(λ))

p(λ) Frobenius C =

(
0 1
0(m−1)×(m−1) 0

)
m

em

J(pe(λ)) =


F (p(λ))

C F (p(λ))
. . .

. . .

C F (p(λ))


1, . . . , 1, pe(λ)

pe(λ)
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Jordan

Jordan

J(pe(λ)) pe(λ) Jordan
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Jordan

A

pe11 (λ), pe22 (λ), . . . , pemm (λ),

A

J =


J(pe11 (λ))

J(pe22 (λ))
. . .

J(pemm (λ))

 .

J A Jordan A Jordan
Jordan A Jordan
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Jordan

10 A

1, . . . , 1, (λ− 2)2(λ2 + 2), (λ− 2)2(λ2 + 2)2,

A Jordan
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Jordan

Jordan
Jordan

(1)

(
F (λ2 − 1) 0

C F (λ2 − 1)

)
; (2)

(
F (λ+ 2) 0

C F (λ+ 1)

)
;

(3)

(
F (λ2 + 1) 0

0 F (λ2 + 1)

)
; (4)

(
F (λ2 − 1) 0

0 F (λ2 + 1)

)
.

p(λ) F 2 × 2
D F D J(pe(λ))
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