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Cayley-Hamilton

A ∈ Fn×n, 0 ̸= f(λ) = asλ
s + as−1λ

s−1 + · · ·+ a0 ∈ F[λ]

f(A) = asA
s + as−1A

s−1 + · · ·+ a0E = 0,

A f(λ) f(λ) A

A =

(
1 1
0 1

)
χA(λ) = λ2 − 2λ+ 1 A
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Cayley-Hamilton

A B f(x) f(A) = 0
f(B) = 0
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Cayley-Hamilton Cayley-Hamilton

Cayley-Hamilton

Cayley-Hamilton

A F n χA(λ) A

χA(A) = 0.

B =


λ1 b11 · · · b1n
0 λ2 · · · b2n
· · · · · · · · · · · ·
0 0 · · · λn

 χB(B) = 0
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Cayley-Hamilton Cayley-Hamilton

A n n − 1 g(λ)
A−1 = g(A)

https://gdfzu.club 7.5 6 / 19



Cayley-Hamilton Cayley-Hamilton

A n n − 1 g(λ)
A−1 = g(A)

https://gdfzu.club 7.5 6 / 19



1 Cayley-Hamilton

Cayley-Hamilton

2

3

https://gdfzu.club 7.5 7 / 19



A F n A
A

kE

E

A A
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1 A A

2 A mA(λ)
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A ∈ Fn×n mA(λ)|χA(λ)

λ0 A (λ− λ0)|mA(λ)

mA(λ) χA(λ)
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n

A =



a 0 0 · · · · · · 0
1 a 0 · · · · · · 0

0 1 a
. . .

. . .
...

...
. . .

. . .
. . .

. . .
...

0 · · · 0 1 a 0
0 · · · · · · 0 1 a


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A,B n (mA(λ),mB(λ)) = 1 χA(B)
χA(λ) A

A =


1 0 0 0
−1 −1 −1 0
1 1 1 0
2 2 2 0

 A2026
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A =

(
A1 0
0 A2

)
,

A1, A2 mA(λ) mA1(λ) mA2(λ)

mA(λ) = [mA1(λ), mA2(λ)].
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A =


λ1En1 0 · · · 0

0 λ2En2

. . .
...

...
. . .

. . . 0
0 · · · 0 λtEnt

 λ1, . . . , λt F

A mA(λ)

A F n A A
F
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A F n f1(x), . . . , ft(x) ∈ F[x]
f(x) = f1(x) · · · ft(x)

V = V1 ⊕ · · · ⊕ Vt,

V = Kerf(A) f(A)X = 0 Vi = Kerfi(A)
fi(A)X = 0
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φ F n V

0 ̸= f(λ) = asλ
s + as−1λ

s−1 + · · ·+ a0 ∈ F[λ],

f(φ) = asφ
s + as−1φ

s−1 + · · ·+ a0idV = 0,

f(λ) φ

φ 1 φ
mφ(λ)
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ξ1, . . . , ξn V φ A

φ(ξ1, . . . , ξn) = (ξ1, . . . , ξn)A.

f(λ) ∈ F[λ]
1 f(λ) φ f(λ) A

2 mφ(λ) = mA(λ)
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φ F n V χφ(λ) φ
mφ(λ) φ

1 (Cayley-Hamilton ) χφ(φ) = 0

2 φ φ ,
mφ(λ)|χφ(λ)

3 φ

4 mφ(λ) χφ(λ)

5 V = V1
⊕

V2 V1, V2 φ-

mφ(λ) = [mφ|V1 (λ),mφ|V2 (λ)].
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