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{
a11x1 + a12x2 = b1, (1.1)
a21x1 + a22x2 = b2 (1.2)

(1.1)×a22: a11a22x1 + a12a22x2 = b1a22,

(1.2)×a12: a12a21x1 + a12a22x2 = a12b2.

(1.1)×a22−(1.2)×a12 x2

(a11a22 − a12a21)x1 = b1a22 − b2a12;
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x1

(a11a22 − a12a21)x2 = a11b2 − b1a21;

a11a22 − a12a21 ̸= 0

x1 =
b1a22 − b2a12
a11a22 − a12a21

, x2 =
a11b2 − b1a21
a11a22 − a12a21

a11a22 − a12a21
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1.1 ( )

设 A =

(
a11 a12
a21 a22

)
，称 a11a22−a12a21 为矩阵 A 的行列式，记作

detA 或

∣∣∣∣a11 a12
a21 a22

∣∣∣∣

a11 a12

a21 a22

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
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{
a11x1 + a12x2 = b1, (1.3)
a21x1 + a22x2 = b2 (1.4)

detA ̸= 0

x1 =
b1a22 − b2a12
a11a22 − a12a21

=

∣∣∣∣b1 a12
b2 a22

∣∣∣∣∣∣∣∣a11 a12
a21 a22

∣∣∣∣

x2 =
a11b2 − b1a21
a11a22 − a12a21

=

∣∣∣∣a11 b1
a21 b2

∣∣∣∣∣∣∣∣a11 a12
a21 a22

∣∣∣∣
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x2 =
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∣∣∣∣a11 b1
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a21 a22
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a11b2 − b1a21
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=

∣∣∣∣a11 b1
a21 b2

∣∣∣∣∣∣∣∣a11 a12
a21 a22

∣∣∣∣
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1.2

设 A =

a11 a12 a13
a21 a22 a23
a31 a32 a33

，定义

detA =

∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
= a11

∣∣∣∣a22 a23
a32 a33

∣∣∣∣−a21

∣∣∣∣a12 a13
a32 a33

∣∣∣∣+ a31

∣∣∣∣a12 a13
a22 a23

∣∣∣∣
= a11a22a33 + a13a21a32 + a12a23a31

−a11a32a23 − a12a21a33 − a13a22a31
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a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
= a11

∣∣∣∣a22 a23
a32 a33

∣∣∣∣−a21

∣∣∣∣a12 a13
a32 a33

∣∣∣∣+a31

∣∣∣∣a12 a13
a22 a23

∣∣∣∣
= a11a22a33 + a13a21a32 + a12a23a31

−a11a32a23 − a12a21a33 − a13a22a31
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a11 a12 a13
a21 a22 a23
a31 a32 a33

x1
x2
x3

 =

b1
b2
b3



x1 =

∣∣∣∣∣∣
b1 a12 a13
b2 a22 a23
b3 a32 a33

∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
, x2 =

∣∣∣∣∣∣
a11 b1 a13
a21 b2 a23
a31 b3 a33

∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
, x3 =

∣∣∣∣∣∣
a11 a12 b1
a21 a22 b2
a31 a32 b3

∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣
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
a11 a12 · · · a1n

a21 a22
. . .

...
...

. . .
. . . an−1,n

an1 · · · an,n−1 ann



x1
x2
...
xn

 =


b1
b2
...
bn


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+/− a1j1a2j2a3j3

j1, j2, j3 1, 2, 3

Table 2.1:

a11a22a33

1, 2, 3 +

a11a23a32

1, 3, 2 −

a12a21a33

2, 1, 3 −

a12a23a31

2, 3, 1 +

a13a21a32

3, 1, 2 +

a13a22a31

3, 2, 1 −
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2.1
设整数 j1, . . . , jm 两两不同，在排列 j1, . . . , jm 中，

如果一对数中较大的数排在较小的数之前，则称这对数是一个逆序。

一个排列中逆序的总数就称为这个排列的逆序数，记为

τ(j1, . . . , jm).

若排列 j1, . . . , jm 的逆序数为偶数 (含零)，则称之为偶排列；

若排
列 j1, . . . , jm 的逆序数为奇数，则称之为奇排列。
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Table 2.2: 3

a11a22a33 1, 2, 3 +

0

a11a23a32 1, 3, 2 −

(3, 2) 1

a12a21a33 2, 1, 3 −

(2, 1) 1

a12a23a31 2, 3, 1 +

(2, 1); (3, 1) 2

a13a21a32 3, 1, 2 +

(3, 1); (3, 2) 2

a13a22a31 3, 2, 1 −

(3, 2); (3, 1); (2, 1) 3
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Table 2.2: 3
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a11a22a33 1, 2, 3 + 0
a11a23a32 1, 3, 2 − (3, 2) 1
a12a21a33 2, 1, 3 − (2, 1) 1
a12a23a31 2, 3, 1 + (2, 1); (3, 1) 2
a13a21a32 3, 1, 2 + (3, 1); (3, 2) 2
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2.2
设 A = (aij)n×n 是一个 n 阶方阵。则 A 的行列式，记做 detA 或 |A|，
定义为：

detA = |A| =
∑

j1,...,jn

(−1)τ(j1,...,jn)a1j1 · · · anjn , (2.1)

其中求和指标 j1, . . . , jn 取遍 1, . . . , n 的所有排列。

A ∈ Fn×n detA ∈ F
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例 1
求 detA，其中

A =


0 0 1 1
0 2 0 0
0 0 0 3
4 0 0 0

 .
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例 2
求 detA，其中

A =


0 0 0 1
0 0 2 0
0 3 0 0
4 0 0 0

 .

高等代数 https://gdfzu.club §3.1 行列式的展开式定义 17 / 23



例 3
求 f(x) 中 x4 与 x3 的系数，其中

f(x) =

∣∣∣∣∣∣∣∣
5x x 1 x
x 1 1 −1
3 2 x 1
3 1 1 x

∣∣∣∣∣∣∣∣ .
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2.1 ∣∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1n

0 a22
. . .

...
...

. . .
. . . an−1,n

0 · · · 0 ann

∣∣∣∣∣∣∣∣∣∣

= a11a22 · · · ann.

2.1 ∣∣∣∣∣∣∣∣∣∣
a11 0 · · · 0

0 a22
. . .

...
...

. . .
. . . 0

0 · · · 0 ann

∣∣∣∣∣∣∣∣∣∣
= a11a22 · · · ann.
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例 4

∣∣∣∣∣∣∣∣∣∣∣

a1,n
a2,n−1 a2,n

. .
. ...

...
an−1,2 · · · an−1,n−1 an−1,n

an,1 an,2 · · · an,n−1 an,n

∣∣∣∣∣∣∣∣∣∣∣

= (−1)
n(n−1)

2 a1,na2,n−1 · · · an,1.

4 4 !
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1 二阶、三阶行列式的定义

2 排列逆序数与行列式展开式定义

3 行列式展开式定义的进一步讨论
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a1j1 , . . . , anjn ↔ ai11, . . . , ainn

3.1
设 a1j1 , . . . , anjn 和 ai11, . . . , ainn 是 n 阶行列式 detA 展开式同一个一
般项中 n 个元素的两种不同排列方式，则

τ(j1, . . . , jn) = τ(i1, . . . , in).
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3.1
对于任意方阵 A，A 与 A 转置有相同的行列式，即

detA = detAT , ∀A ∈ Fn×n.
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